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This Memorandum describes the transmission of vibration in cal systems, and
This consists of two freely supported

a particular example is studied in detail.
It is shown that the addition of a dynamic

elastic plates, connected by a rigid link.
absorber to such a systew can significantly attenuate the transmitted velocities over

a chosen narrow band of Zrequency.
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1 INTRODUCTION

Any dynamic system, excited by a harmonic driving force, will show a greater res-
ponse at some frequencies than others. At certain frequencies the response velocity is
theoretically infinite; such a frequency is called a natural, or resonant, frequency of
the system and the system is said to be in a natural mode of oscillation. In practice,
due to the structural damping present in such materials as sheet metal, the resonant
response peaks remain finite but are still significantly larger than the response at non-

resonant frequencies.

In the present work the effect of a dynamic absorber on a resonant system is studied.
The dynamic absorber employed is theoretically equivalent to a spring and a mass connected
in series; it thus has only one natural frequency, which can be adjusted by changing the
mass or the spring stiffness. If an absorber is tuned to a natursl frequency of the
system under consideration, it can be used to attenuate the response of the system at
that frequency. The current investigation is concerned with the effect that such an
absorber would have on a system of two connected elastic plates, intended as a rough model
of a helicopter gear-box and cabin structure. One of the principal objectives is to study
the effectiveness of the absorber over a finite but narrow frequency band containing more
than one structural resonance. A mathematical model is set up and some representative

results are calculated using methods of numerical analysis.

The system is assumed to be linear, Ze the magnitude of any velocity in the system
is directly proportional to the force producing it. The model used is concerned with the
response of the system to a single-frequency harmonic force. More complicated forces can
generally be represented as a superposition of such single-frequency inputs because of the

assumed linearity.

The actual structure employed consists of two rectangular elastic plates of identi-
cal length and width but differing thickness. The thickness of the plates relative to
their length is sufficiently small for standard thin plate theory to applyz. The plates
are freely supported in parallel planes so that their sides are coincident in the x-y
plane (Fig 1). A rigid connecting rod is attached to corresponding points on the upper
and lower plates (xz and x3) by two pivot joints. Hence the rod is capable of trans-
mitting forces parallel to its axis only and is unable to transmit moments. It is to
this connecting rod that the dynamic absorber is attached. Throughout the numerical work

presented in this Memorandum the geometry and plate masses are kept constant.

Section 2 describes the mathematical model set up to represent the system and how
the various parameters required were chosen. Section 3 contains a discussion of the
results obtained by using different dynamic absorbers. Appendices A and B, respectively,
provide a more detailed account of the theory of harmonic excitation of thin plates and

an explanation of the plate configuration.
2 THEORY

A harmonic excitation is applied to the upper plate at Kl (Fig 1); the resulting

velocity is measured at §4 on the lower plate. Appendix B explains the exact location

of these points. The modal density is defined as the number of natural modes of




oscillation in a frequency band of constant width relative to some fixed central frequency
(eg central frequency #0.5Z for a 1% bandwidth). For this system, modal density increases
with frequency, and it is possible to find frequencies such that three or four natural
frequencies (of the lower plate) lie within a 17 bandwidth. These resonances are of pri-
mary concern in this investigation. The upper plate is twice the thickness of the lower
plate and hence has different resonant responses. The modal density of two similar plates
is inversely proportional to their thickness; hence on average twice as many resonances
are excited within a given frequency band on the lower plate as on the upper plate.
Different values of structural damping can be assumed for the model; in practice, a value
of the order of 0.0] would often be encountered. It seems reasonable to use a similar

value for the damping coefficient of the dynamic absorber.

For a linear system, the response of the system at a point X, to an input force

1
at %, » is governed by equations of the form:-

Vx e A VR EA O A
vy =@ @y %y Fy n
v, @3 %3 %33/ \F,

where Vx’ V , V. are the components of velocity in the direction of the co-ordinate

axes,

F, Fy, F are the components of the force along the co~ordinate axes,

Qij’ 1<i, <3

For a force, (0,0,Fz), acting only in the z-direction, equation (1) becomes:~

are constants to be determined.

v 3 F

X 13 z
Vy = u23 Fz .
Vz %33 Fz

For a thin-plate lying in the (x-y) plane; v, < v, and Vy‘< v (Ze the greatest
response is perpendicular to the plane of the plate). Thus, the approximation,

Vx - Vy =0 ; Vz = an may reasonably be employed. As we are now only considering
forces in the z-direction it is convenient to drop the suffix notation., If more than

one force is acting on part of the system, equation (1) becomes modified to

jw]
where n = total number of forces acting.
Fig 2 shows the distribution of forces in the system in schematic form. There are
pairs of equal and opposite reactions at the two joints, A and B, and a tension in the
spring of the absorber. The damper is assumed to be radially symmetric with the rod on

its axis, thus producing no moments. The second diagram shows the resultant velocities

corresponding to these forces.
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If u = velocity of upper plate at point A ,

u = aF + aze (2)

where al,xz are scalar constants (their evaluation is described in Appendix A),
F, = input force,

F, = magnitude of reaction at A .

For a harmonic force Fl » of amplitude El » 8 complex representation is useful:-

Fl = F elmt = Fl(cos wt + i sin wt)

where w = angular velocity = 27 x frequency.

For a rigid rod, the velocity of the rod and the velocity of the plate at A must be

equal. Hence, by Newton's second law

F2 +T - F3 = mRu R (3)
where T = force acting on rod due to spring,
F, = reaction of rod at B ,

W

mass of rod,

E'wg

= derivative of u with respect to time = acceleration.

Now, u = ﬁeiwt where T = amplitude of u ; whence u = 'ﬁimeimt = iwu .
Hence, (3) becomes:-

F2 + T - F3 = imeu .

Applying Newton's second law to the absorber yields

T = - myu, = -~ lumgu, (4)

where T = tension in spring,
mo = mass of absorber,
u

2 = velocity of absorber.

But tension in a spring is given by

where k = stiffness factor of spring,

e = extension of spring.

Differentiating with respect to time gives




Equation (3) shows that T must have form Tel®* , 80 that

iwT = ké (5)

but, é = rate of change in extension,

difference in velocity between absorber and rod

= u, = u .,

2

Hence
iwl = k(u2 -u). (6)

Since, also, the velocity of the rod must equal the velocity of the plate at B ,

u = a3F3 . (7)

and similarly at the point of response

vV = a4F3 . (8)

where V = resultant velocity.

In practice, the spring will have some damping factor; when it is so heavily damped
that it would just fail to complete a single free oscillation it is said to be critically
damped. For a damping coefficient of g times critical damping, equation (4) is
replaced by

T = - mo(l + 1n0)1wu2 . €)]
Eliminating FZ, F3, T, uy and u between these equations yields

"0

a + ino) - wz(mO/R)

+a, +a . (10)

Vo= o0F fieaegim + 2t %

This is a complex velocity, with its amplitude representing the magnitude of V and its

argument the phase of V relative to F,

If w is varied in equation (10) while the other parameters are kept constant,
the amplitude of the response (V) will normally be small when

0 = ®&mph an

since the fraction involving By then reduces to mo/in0 and o is small. In general
this does not correspond to a mathematical minimum of |V| even in the numerical examples

of the next section where o = 0, since a, and a, are complex, but it is a satis—
factory approximation as the results show.
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The frequency given by equation (11) is precisely the value of the resonant
frequency of the spring-mass system when grounded, ¢ undergoing simple harmonic motion
on a fixed base (see Ref 1). Hence, the resonant frequency of the absorber alone is
close to an anti-resonant frequency of the complete system where the absorber gives maxi-
mum attenuation. The actual value of the velocity will be dependent on the response of
the system without the dynamic absorber, the mass of the absorber and its damping

coefficient.
3 RESULTS

The response of the system has been computed for a range of input frequency and
selected values of the structural damping and the mass of the absorber., The mass of the
connecting rod is neglected and the driving frequency is varied over the frequency-band

in 20 increments. r

It is convenient to define a non-dimensional frequency anm defined by

The significance of the dimensional factor is apparent from the analysis in Appendix A,
which also gives the numerical method used and comments on the accuracy. For a thin

(4mm) aluminium plate of length 3.2 m and length to width ratio 1,73, mnm is numerically
about equal to the dimensional frequency ©om in Hertz (wnm = 0.9&)mn Hz). The ‘
aspect ratio 1.73 was employed because it provided many suitable frequency bands, of which

two were finally selected. The plate thicknesses are 4 mm for the lower and 8 mm for

the upper.

The two non-dimensional frequency bands used were & = 291,1 * 0,57 and

= 63,8 1,072 . The first of these bands included the natural frequencies 67 g alo 8}
y ’

£ E:

12,7 and w19,l ; the second included wa,4 and w6’3 .

Initially, the system was considered without a dynamic absorber. Fig 3 shows the
response velocity plotted against frequency for the band & = 291.1 *+0.5Z. The quantity
V/F 1is the ratio of the response velocity to the input force (in nxs_] N—l). Each curve
represents a different value of the structural damping. It can be seen, that for values
of structural damping, n , less than 0.0005 all the resonant peaks are clearly discernible.
For n » 0.005, the response is greatly attenuated and the peaks are indistinguishable.
This is because the width of the individual peaks is roughly proportional to the damping

factor; hence, for large damping, they overlap considerably and form a single peak.

The remaining graphs (Figs 4 to 13) all pertain to a value of 0.005 for the
structural damping. The coefficient, uh referred to in these figures, is the damping

coefficient of the dynamic absorber (tuned to the central frequency of the band).

Figs 4 and 5, respectively, show the average attenuation within the upper and lower
bandwidths, plotted against the mass ratio of the absorber. The mass ratio is defined

as the mass of the absorber divided by the mass of the lower plate and each curve

i ) l“
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represents a different damping coefficient. The mean velocity is found by numerically
integrating the area under the velocity-frequency graph and dividing by the bandwidth,
viz
|.005wO
1 -
LRGITN | Vdw (for w = thO.SZ).

0 0. 995mo

<|

The average attenuation is defined as

mean velocity with damper
an velocity without damper

20 1°g10 e = 20 log,0

SN

Not unexpectedly, the attenuation increases with greater absorber mass. Also, as the mass
of the absorber tends to zero, the velocity tends to that of the system with no mass
attached, that is zero attenuation. For a fixed mass ratio, the attenuation increases

as the damping of the absorber is reduced, at least over the range considered.

Figs 6 to 9 (for & = 291.1 £+0.5%) and Figs 10 to 13 (for w = 63.8 *1%) show in
more detail how the attenuation varies with different mass ratios, m . Fig 6 shows five
curves for mass ratios in the range 2.5 x 10-5 <m<5.0 % 10-4 , and also the case
m = 0.0 (Z¢ no dynamic absorber); the absorber damping coefficient is 0.01. Fig 10
shows the corresponding result in the second frequency band, three curves only for mass
ratios in the range 2.5 x 10_4 €m<1,0 x 10-3 are shown; the damping coefficient is
also 0.0l. Attenuation is again seen to be greatest when the mass of the absorber is
highest; in the second frequency band slightly higher masses were needed to produce a
chosen degree of attenuation compared with the first band. It should also be noted that
the band & = 63.8 + 17 displays two distinct peaks, even for a structural damping of 0.005;
this is because the peaks are at a greater distance apart than in the higher frequency
band. The slightly smaller attenuation can be attributed to the fact that a tuned absor-

ber is most effective over narrow bandwidths,

The set of Figs 7 to 9 may be compared with the set of Figs 1] to 13 to see how
the attenuation varies between the upper frequency band and the lower frequency band. In
each set the first figure shows the finest tuning, because it refers to the smallest value
of added damping, and these two figures in particular show how the attenuation is greatest
near the damper resonance in the middle of the band. In general the attenuation reduces
away from the middle of the band and will change at some point to an amplification which
in turn will increase to a peak at some new resonance of the combined system. One of
the purposes of the present study was to check whether positive attenuation could be
achieved over the whole of the chosen band, and it can be seen that most, but not all,
of the damper arrangements are successful on this point. The worst failure occurs for
the smallest mass and damping in the lower frequency band (Fig 11), but even then 10 dB

attenuation is available over a bandwidth of nearly 1%.

-
4 CONCLUSIONS o
®

The present numerical study has been concerned with the use of a tuned damper ®

to suppress the transmission of vibration through a structure over a finite but narrow

frequency band. The model chosen was highly simplified but nevertheless possessed many




properties that a real structure would have. The input side consisted of a rectangular
plate excited by a harmonic force applied at a single point and arranged to have one or
two natural resonances within the chosen frequency band. Vibration was transmitted by

a light rigid rod to a second thinner plate having twice as many resonances within the
band as the input plate. The rod was attached to the input plate at a point remote from
the point of application of the input force so that the transmitted force would vary
rapidly with frequency as both the input and output plates passed through resonant con-

ditions. The damper was attached to the transmission rod.

It is well-known that tuned dampers can be very effective over a sufficiently narrow
frequency band, but there was considerable doubt whether they could cover a band contain-
ing three or four structural resonances without being made very heavy. The result of
the calculations carried out on the mathematical model used in the present Memorandum
is that they can be effective over such a frequency band provided the modal density is
high enough for the bandwidth to be only 1 or 27. Two frequency bands were investigated.
The upper had a bandwidth of 17 and one example showed that a mass of 5 x 10—4 times the
mass of the responding plate could give about 20-30 dB attenuation over the range. The
lower frequency band had a bandwidth of 27 and again one example showed 10-30 dB attenua-
tion for a mass of 10-3 times that of the responding plate. Such results are extremely
promising and suggest that further analysis associated with experiments on a real struc-

ture would be worth undertaking.
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Appendix A

HARMONIC EXCITATION OF THIN PLATES

A rectangular elastic plate, freely supported at its edges, can undergo oscilla-
tions described by the following, fourth order, partial differential equation in ¢

(the bending wave equation, see Ref 2)

4
BV ¢ (x,y) - w2m"¢(x,y) =0, (A-1)
where B = flexual rigidity of plate,
w = eigen frequency
2 2 2
2 = o°f 3 f 37 f . .
ViE(x,y,2) = —2 Y5 *—7% in cartesian co-ordinates,
3x dy 9z
m' = surface mass density of plate = a?:zsogfdﬁiagzce
and ¢(x,y) 1is proportional to the normal displacement of the plate at a point (x,y);

the undeformed plate lying in the plane z = 0.

For a rectangular plate x € [O,Q]], y € [0,22], ¢ must also satisfy the following

boundary conditions, as there is no displacement along the plate edges
$(x,0) = ¢(0,y) = ¢(x,85) = ¢(&;,y) = 0. (A-2)

A family of solutions to (A-~1) and (A-2) can be found, having the form

6 (x,y) = sin[23X) sin({TY n,m integers (A-3)
nm Y t

b

} where the suffix om is used to distinguish between the different solutions ¢ . The

corresponding values for the eigen frequencies ©om (which are in fact the natural

, frequencies associated with the (n,m)~th mode) are

i
4 2
= Br 7 n? + m2<—l> . (A-4)

For an input force distribution F(x,y) with frequency w , it can be shown that the

velocity at a point X;»y, on the plate is given by:-

Ae 1881
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12 Appendix A

L. %

= - (xl)y) ‘
v(xl,y,) = z z 7 [ in(x,y)¢nm(x,y)dxdy . (A-5)
n=! m= 0

_w) 0

For a point force magnitude F , at (xo,yo), F(x,y) = Fé(x - xo)a(y - yO) , where &
is the Dirac delta-function,

Hence

Q 2

Ly 2 Y
j ) F(x,y)¢nm(x,y)dxdy = [ f Fé(x - x )d(y - yo) sm(i > mn(m—;az) dxdy
0 0 00 l 2

nmx mry
F si 0 si 0 . (A-6)
g )

Hence (A-5) becomes

V(xl,yl) (a-7)

. . 2 .
[f structural damping n 1s present, the term Won 1S replaced by the complex term,
Rl

.7 (1l + in) and if V(x],y]) = aF then

nm

*

. . Sin(nﬂxo) Sin(nﬂxl) Sin<mny?> Sin(mvyl)
D

2 . 2
wnm(l +in) - w

(A-8)
2

n=1 m=1
Thus, the total response is equal to the sum of the responses in each individual mode;
the modes do in fact form an orthogonal basis from which any response distribution may

be constructed in a unique manner. In general, at a given frequency w, say an infinite

0
set of natural modes will be simultaneously excited; if g is the eigen frequency for

a particular mode, that mode will be excited the most.

The numerical calculations were carried out on the ICL 1906S computer at RAE. In
practice, the infinite series have to be truncated after a finite number of terms, and
this number was chosen to be 30 for both n and m ; equation (A-8) was, therefore,
truncated after 900 terms. These limits on n and m were decided after accuracy
tests and may be compared with the modal numbers of the resonances that occur within the
frequency band of the ioput force, viz (n,m) = (7,9), (10,8), (12,7), (17,1) for
w = 291.1 #0.5%2 and (4,4), (6,3) for & = 63.8 +1.07. In general, it was found
necessary to pay considerable attention to the accuracy of the calculations and single-
precision arithmetic was found to be insufficient. Accordingly, the algebra was rewritten

in terms of real variables and the program converted to double-precision; it was then

possible to meet all the accuracy tests that were tried.

Y
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Appendix B
PLATE CONFIGURATION

Consider a point (xo,yo) = ((l]/p),(zz/q)) for integer p,q . Then
sin((nﬂ/ll)xo ) sin((mﬂyollz)) = 0 whenever p 1is a factor of n , or q a factor
of m . This gives the condition for zero response of the plate (¢nm = 0) under excita-
tion at the point (xo,yo), 7e excitation at a node in a particular mode produces no
response in that mode. For excitation within a narrow bandwidth, containing only a few
natural modes, the greater part of the response is contributed by the resonance, or near-
resonance, of these modes, with only a small contribution from modes outside this
frequency band. It is, therefore, necessary to ensure that the excitation and response

points are not at node points for these modes.

Consider a set of natural modes within a frequency band. Let N be the maximum
value of n for these nodes, and M be the corresponding maximum of m . Let p = 2N

and q = 2M . This ensures that p will not be a factor of n for modes under con-

(kg = (ﬂ"_z ﬂi).
0°Y0 P’ q N7/ G

then (xo,yo) is not a node for the natural modes in this frequency band and by symmetry

sideration, nor q of m .

Let

neither are (xo,l2 - yo) nor (l] - xo,lz - xo). The configuration shown in Fig I

makes use of these points for 31,32[=¥3] » and ¥, . Provided the values M and N
used in deriving (xo,yo) relate to the more flexible plate (since the thinner plate
possesses higher modes for a fixed frequency band), none of these points can be a node in

any of the modes of interest, for either plate.




LIST OF SYMBOLS

B flexural rigidity of plate = Etg//l2 where E 1s Young's modulus and t is
the plate thickness
E Fi force acting at poi;t i
| T tension in absorber spring
E {] plate length } see Fig I
<, plate width
nm ratio of absorber mass to lower-plate mass
Me mass of rod } see Fig 2
™, mass of absorber
m" plate mass per unit area
t time
u vibration velocity
u, vibration velocity of absorber mass see Fig 2
v vibration velocity of reference point
(X,v,2) = X cartesian coordinates
X, point of application of exciting force
Xa point of attachment of transmitting rod on upper (input) plate l see Fig |
Xy point of attachment of transmitting rod on lower (responding) platej
W reference measuring point
7 plate separation distance

v, velocity of some specified point per unit force applied at point !
i’ structural damping coefficient
- damping coefficient of the absorber

non-dimensional displacement of the plate
!
w(m"l?//Bwa)

4 single numerical suffix refers to points 1 to 4 (see Fig 1).

radian frequency

non-dimensional frequency

A double suffix of the type nm refers to mode (n,m) of the plate, see equation (A-3)
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Fig 7 Velocity attenuation resulting from the
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